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Probability Measures Let  # @ and & C 27 be a 6-Algebra. A o-additive* set
function p: &/ — [0,00] with u(Z") = 1 is a probability measure.
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(Dis)Similarities between Probability Measures

Kullback-Leibler (KL) divergence

P (x)
KL(y || v) = Jlog (P”(x) > P (x) dz(x) = oo

Total Variation (TV) distance

TV(u,v) = sup |u(A)—v(A)| =1
Aed




optimal Tr@ansport based (Dis)Similarity

dx,y) =|x—y|



opimal TraNsport based (Dis)Similarity
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Optimal Transport based (Dis)Similarity
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G. Monge (1781) L. Kantorovich & T.C. Koopmans (1975) C.Villani (2010) & A. Figalli (2018)
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Optimal Transport: Kantorovich Duality

—_—

AL

OT (¢,v) = min Z d(x;, yJ)Jz(

mell(u,p) .
i,j=1
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¢ Chats K. Proksch @
online
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Dear Sir or Madam, | have an
interesting business proposal
of a mutual benefit, | am
seeking for a reliable and
trustworthy person to partner
with me. Reply me along with
your name and country of
origin.

Dear Sir or Madam, This is
Marcel from Cuba?! and | am
seeking for a reliable and
trustworthy person who
transports thousands of tulips
around the Netherlands!
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Optimal Transport: Kantorovich Duality

OT,(4,v) = min Z d(x;, y;)m(x;, y;)
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Optimal Transport: Kantorovich Duality
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Katharina’s profit

¢+ <dx, ypVi,j  j=1

OT (¢,v) = min

mell(u,p) .
i,j=1

qbl- Price for loading

Vi Price for unloading

0000 vodafone T 11:58 AM

50% E}
¢ Chats K. Proksch 9

nnnnn

Dear Sir or Madam, | have an
interesting business proposal
of a mutual benefit, | am
seeking for a reliable and
trustworthy person to partner
with me. Reply me along with
your name and country of
origin.

Dear Sir or Madam, This is
Marcel from Cuba?! and | am
seeking for a reliable and
trustworthy person who
transports thousands of tulips
around the Netherlands!

max Zqﬁ//tl+21//]

Z d(x, y)r(x;, ;)

(@)



Optimal Transport: Kantorovich Duality
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Weak Duality
K K K
nﬁin Z d(x;, y)u(x, y) > max Z Pipit Z Vit
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Optimal Transport: Kantorovich Duality
OT,(u,v) = min Z d(x;, y)r(x;, y;)
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Strong Duality

K

min ) d(x,y)z(x,y) = ~ max Z Diptit Z Wit

H .o
e (//[,I/) l,]=1 ¢i + l/jj S d(xia y]) VZ,] l—



;V’l Strong Duality

Optimal Transpor_t: ;fm II né‘r}%,?w Zd(x WEY) —  max Z¢u,+2ug,
From Discrete to Continuous 3 by Sty Vg =1
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;y/l Strong Duality
Optimal Transport: ;% I II min. , Z A0 () —  max Zcb /4+Zl//”
From Discrete to Continuous : by <y Vi.j i=]

(A X L) = u(A) }
€ Il(u,v)
(X X B) = v(B)

(u,v) ;= 1nf J c(x,y)dn(x,y)
nell(p,r) IR

sup J ¢(x) dp(x) +J y(x) du(x)
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Optimal Transport: Concrete Costs

OT.(u,v) := 1nf J c(x,y)dr(x,y)
nell(u,v) UYL

Cost: c(x,y) =1 (x£y)  —> Total Variation

OT .(u,v) = TV(u,v) ' y

Cost: c(x,y) = d(x,y) —> Kantorovich-Rubinstein Formula

OT (1) = sup J B0 A — 1))
peLip (1) J I

... the real line (D=1), squared Euclidean costs, (ultra)metric trees ...
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dx,y) =|x—y|
Cost c(x,y) =dP(x,y),p > 1  —> Wasserstein Distance
1/p
W, (p,v) == int J dP(x,y) dz(x,y)
JTEH(,M,I/) A A

For all p € [1,00) the Wasserstein distance defines a finite metric on the set of
probability measures with finite moments of order p, i.e. measures i such that for
some x, € X,

J dP(xy, x) du(x) < oo .
X
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Cédric Villani. Topics in Optimal Transportation. American Mathematical Society, 2021

Cédric Villani. Optimal Transport: Old and New. Springer, 2009
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I/p
Wp(,u, V) = < inf J dP(x,y) dr(x, y))
XX
1. Theory

Let 1, v be two probability distributions with finite second
E moments over R” and c(x,y) = 1/2 ||x — yllg. Suppose that u
Is absolutely continuous w.r.t. Lebesgue measure. Then there

AMS B

exists, unique, an optimal transport map 7 from u to v, and it is

of the form

T'= Vu, for a convex function u.
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1/p
W, (1, v) :=< inf [ dl(x,y) dz(x, y)>
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2. Computations

Optimal
Transport

for Applied
Mathematicians

Gabriel Peyré & Marco Cuturi. Computational Optimal Transport: With Applications to
Data Science. Foundations and Trends in Machine Learning, 2019

Filippo Santambrogio. Optimal Transport for Applied Mathematicians. Birkhduser, 2015



Further Reading... lp

W (1, v) = inf [ dP(x,y)dn(x,y)
mell(p,v) IXY
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Geodesics in Wasserstein Space
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3. Statistics

An Invitation
to Statistics in
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Victor Panaretos & Yoav Zemel. An Invitation to Statistics in Wasserstein Space.
Springer Nature, 2020
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Wo(u,v) = inf J dl(x,y) dn(x,y)
A A

nell(u,v)
*??

Wo(h,,v) = inf
rell(i,,v)

J 4 (x, y) dr(r, y)
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Do you have no idea what to do now that corona measurements have eased? Have you
always been interested in dancing? Are you planning a trip to an exotic land or just want
to impress your partner? Join us for a FREE introduction to Cuban Salsa with Marcel from
Cuba. Don't let this opportunity miss you and sign up for this fun event that P-NUT has

brought you. Notice that you don't need to have a partner beforehand.

A gentle introduction to

Cuban salsa with
Marcel*

" i
More info contact:
r.basu@utwente.nl

’ k.a.redosadoleon@utwente.nl

P=NUT.
Waching an“pc

Germany | am happy to
people from Twente!

https://www.utwente.nl/en/p-nut/



